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Ising order parameter and topological phase transitions:
Toric code in a uniform magnetic field
Mohammad Hossein Zarei1, ∗
1Physics Department, College of Sciences, Shiraz University, Shiraz 71454, Iran
Quantum Ising model in a transverse field is of the simplest quantum many-body systems used for
studying universal properties of quantum phase transitions. Interestingly, it is well-known that such
phase transitions can be mapped to topological phase transitions in Toric code models. Therefore,
one can expect that well-known properties of the transverse Ising model are used for characterizing
topological phase transition in Toric code model. In this paper, we consider the magnetization of
Ising model and show while it is a local order parameter, it is mapped to a non-local order parameter
in the topological side. Consequently, we introduce a string order parameter for topological phase
transitions in Toric code models defined on different lattices with different dimensions in presence of
a uniform magnetic field. Since such string order parameter is dual of the Ising order parameter with
well-known properties, it leads to a topological (non-local) characterization of phase transition in the
Toric code model in uniform field. Our results show that although topological phase transitions do
not follow a symmetry-breaking mechanism, it might be still possible to use concepts of symmetry-
breaking phase transitions for topological ones by finding suitable mappings.
PACS numbers: 3.67.-a, 64.70.Tg, 05.70.Fh, 03.65.Vf
I. INTRODUCTION
One of the most important problems in condensed mat-
ter physics is to characterize different phases of mat-
ter where concept of the phase transition has emerged
[1]. Specifically, symmetry-breaking theory of Landau
has been known as the most well-established paradigm
used to classify different phases based on different
symmetries[2]. However, it has been shown there is still
a big zoo of phases which do not follow the Landau
paradigm where there are different phases with the same
symmetries [3]. These new phases have topological order
with a non-local nature where they can not be charac-
terized by any local order parameter[4–11]. Therefore,
introducing a comprehensive mathematical frame as well
as a physical mechanism for characterizing and classify-
ing topological phases has remained a challenging and
open problem[12–14].
Topological order has also been attracted much atten-
tion in quantum information science where quantum sys-
tems with topological order have been one of the most
important candidates for quantum storage and quantum
computation [15–22]. Of the most interesting topologi-
cal systems are topological quantum codes such as Toric
code (TC) which has been introduced in context of quan-
tum error correction [23]. It has been shown that non-
local nature of such quantum codes leads to a natural ro-
bustness against local perturbations [24–26]. Beside the
above practical applications, topological quantum codes
can also be used as toy models for studying topological
order because of their simplicity where topological phase
transition out of a topological code state has attracted
much attention[27–32].
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On the other hand, an important step toward char-
acterizing topological phase transitions is to introduce
measures which can capture non-local nature of the tran-
sition. Such measures are usually some topological quan-
tum numbers such as topological degeneracy and topo-
logical entanglement entropy [33–35] which do not behave
like a traditional order parameter. However, in compari-
son with ordinary quantum phase transitions one can ex-
pect there is also an order parameter with a non-local na-
ture for a topological phase transition [36–40]. Interest-
ingly, there are mappings between topological phase tran-
sitions and ordinary quantum phase transitions which
have been introduced for lattice gauge theories in [41, 42]
and also for Calderbank-Stean-Shor (CSS) code models
in [31], see also [43] for a mapping to classical phase tran-
sitions. By such mappings, one can expect that the well-
established knowledge of quantum phase transitions are
used for understanding their corresponding topological
phase transitions.
One of the most well-known quantum phase transitions
are transition in transverse Ising models [44, 45]. They
are in fact the best models for introducing symmetry-
breaking mechanism. A symmetry-breaking phase tran-
sition in the transverse Ising model is characterized by a
simple local order parameter namely magnetization and
different universality classes can be found. In this re-
gard and since TC model in a uniform magnetic field is
mapped to the transverse Ising model, One will be able
to study topological phase transition in TC model by us-
ing the well-established knowledge of the transverse Ising
model [46–49]. In this paper, we take an important step
in this direction by considering Ising order parameter in
the transverse Ising model. We show that this quantity
is mapped to a non-local order parameter for TC in a
uniform field. Therefore, we introduce a string order pa-
rameter for topological phase transition from TC state to
a magnetized state. Our result is held for TC’s defined
2pB
vA
FIG. 1: (Color online) A two dimensional square lattice at-
tached on a torus with qubits living in edges. Plaquette and
vertex operators i. e. Bp, Av are defined corresponding to
plaquettes and vertices, respectively.
on any graphs in any dimension.
In Sec.(II), we define TC model in a uniform magnetic
field where we give a brief review on TC and its topolog-
ical order. In Sec.(III), we show how TC in an unifrom
field is mapped to a transverse Ising model by a change
of basis from a computational basis to a non-local basis.
Finally, in Sec.(IV), we introduce string order parame-
ter which is dual of Ising order parameter. Therefore,
we characterize topological phase transition in TC in a
uniform field by a non-local order parameter.
II. TORIC CODE MODELS IN PRESENCE OF
A UNIFORM MAGNETIC FIELD
In this section, we give an introduction to TC models
in presence of a uniform magnetic field. To this end, let
us start with the original version of TC which is defined
on a two-dimensional (2D) square lattice and then we
will explain how it can be extended to other lattices in
different dimensions.
As it has been shown in Fig.(1), consider an L×L 2D
square lattice attached to a torus with qubits living in
edges where we call them edge qubits and denote them
by e. Corresponding to each plaquette and vertex of the
lattice, two kinds of operators are defined in the following
form:
Bp =
∏
e∈∂p
Ze , Av =
∏
e∈v
Xe (1)
where p refers to a plaquette of the graph and e ∈ ∂p
refers to all edge qubits around a plaquette p. e ∈ v
refers to all edge qubits incoming to vertex v and Z and
X are Pauli operators. These operators belong to the
Pauli group Pn and since they commute with each other,
they technically are called stabilizer operators which gen-
erate a stabilizer group [50]. Then, the TC in a uniform
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FIG. 2: (Color online) A vertex operator Av is represented
by a loop in dual lattice. There are two kinds of non-trivial
loop operators i. e. T 1x , T
2
x turning around the torus in two
different directions on dual lattice. Non-trivial loops are not
boundary of a surface on the torus and therefore, non-trivial
loop operators can not be constructed by a product of Av’s.
magnetic field is defined by the following Hamiltonian:
H = −J
∑
v
Av − J
∑
p
Bp − h
∑
e
Ze (2)
where J refers to coupling of TC and h refers to a single
unifrom magnetic field in z direction. Here, we have con-
sidered the above simple form because, as we will show in
the next section, there is a simple dual mapping for this
specific case while there is not such duality for a general
uniform magnetic field.
Turning to Eq.(2), it is clear that in limit of h/J →
∞, the ground state of the above Hamiltonian will be a
magnetized state of |00...0〉 where |0〉 refers to positive
eigenstate of the Z operator. Interesting properties of
the above Hamiltonian reveals in limit of h/J → 0 where
the Hamiltonian will describe the TC with a topological
degeneracy that we explain as follows. One of the ground
states can be easily found in the following unnormalized
form:
|ψk〉 =
∏
v
(1 +Av)|0〉
⊗n (3)
where n = 2L2 is the number of qubits. Since opera-
tors Av can be represented by loops in the dual lattice,
see Fig.(2), the above state can be interpreted by a su-
perposition of loops 1 in a sea of 0 which is called loop-
condensation. Furthermore, because of topology of torus,
there are also two different loop operators which can not
produced by a product of Av’s. As it is shown in Fig(2),
we denote them by T 1x and T
2
x and other ground states of
the TC can be generated by them in the following form:
|ψµ,ν〉 = (T
1
x )
µ(T 2x )
ν |ψk〉 (4)
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FIG. 3: (Color online) TC can be defined on a 2D lattice with
open boundary condition. Plaquette operators corresponding
to the boundary of the lattice must be three-local.
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FIG. 4: (Color online) Corresponding to non-trivial loops on
the lattice, there are two kinds of Z-type loop operators i. e.
T 1z , T
2
z which cross non-trivial loops corresponding to opera-
tors of T 1x and T
2
x for one time.
where µ, ν = {0, 1} and therefore there is a four-fold
degenerate ground subspace for the TC. An important
point here is that such a degeneracy does not depend
on symmetries of the Hamiltonian but it is a result of
the periodic boundary condition. For example, one can
define the TC on a 2D square lattice with open bound-
ary conditions. As it is shown in Fig.(3), vertex and
plaquette operators are defined as before but plaquette
operators in boundary are three-local. such a model does
not have any degeneracy and the unique ground state is
in the form of Eq.(3). Dependence of degeneracy on the
boundary condition is an important property of topologi-
cal orders. Furthermore, topological nature of degenerate
ground space can be revealed by non-local order hidden in
four degenerate ground states of the TC. In other words,
there is no local order parameter which can distinguish
these states from each other. As it is shown in Fig.(4),
there are two non-local parameters which are constructed
by a product of Z operators around two direction of the
torus. We call them T 1z and T
2
z and it is simple to check
that they have the following anti-commutation relations
pB
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FIG. 5: (Color online) TC can be defined on other lattices.
Plaquette and vertex operators are defined in a similar way.
with operators T 1x and T
2
x :
{T 1x , T
2
z } = 0 , {T
2
x , T
1
z } = 0 (5)
Therefore, it is clear that the expectation values of T 1z
and T 2z for four states of (4) will be different and these
two operators can distinguish them from each other.
In this way, the Hamiltonian (2) involves two com-
pletely different phases in two limits of magnetic field
where the ground state is a topological state with a four
fold degeneracy at h/J → 0 and is a trivial state at
h/J → ∞. Therefore, there will be a topological phase
transition in a critical value of (h/J)∗ what we will con-
sider in the next section. Before that, we would like
here to emphasize that TC can be also defined on other
lattices in different dimensions. For example, in Fig.(5)
we have shown a two dimensional hexagonal lattice and
a three dimensional cubic lattice. Vertex and plaquette
operators are defined in the same way and the ground
state will have the same form of Eq.(3) but degeneraacy
depends on the boundary condition. Another important
point is that the above topological phase transition hap-
pens for all boundary conditions and the topological na-
ture of the transition does not depend on the degeneracy
of the ground state. Therefore, we can use a suitable
boundary condition so that our calculations can be eas-
ily done.
4III. MAPPING TO QUANTUM ISING MODEL
In this section, we want to consider topological phase
transition from TC state to a magnetized state. Instead
of finding an exact form for the ground state of the
Hamiltonian of (2), here we perform a change of basis
to map the above Hamiltonian to a quantum Ising model
in a transverse field. Our mapping is independent of the
graph in which the TC has been defined. In other words,
we show that the TC in a uniform magnetic field defined
in an arbitrary graph G, is mapped to a transverse Ising
model defined on the same graph G.
Consider an arbitrary graph G = (V,E) where V refers
to set of vertices and E refers to set of edges. Qubits live
in edges which called edge qubits, vertex and plaquette
operators are defined corresponding to each vertex and
plaquette of the graph in the same form of (1). Next, in
order to map the Hamiltonian (2) to the transverse Ising
model, we introduce a new basis, which is called dual
basis, for rewriting the Hamiltonian (2). We insert new
qubits in each vertex of the graph called vertex qubits,
see Fig.(6), and we define the following basis correspond-
ing to the vertex qubits:
|r1, r2, ..., rm〉 =
∏
i
(1 + (−1)riAi)|0〉
⊗n (6)
where we have used numbers of 1, 2, ..m for denoting ver-
tices where m is the total number of vertices and |ri〉
refers to the state of a vertex qubit inserting in vertex
of i. We have also ignored normalization factor in the
above basis. Furthermore, it is clear that the above ba-
sis in not a complete basis. In fact, we can also write
other bases generated by Bp operators in the form of∏
p(1 + (−1)
r′pBp)|+〉
⊗n where |+〉 refers to the positive
eigenstate of the pauli operator X . However since oper-
ators Ze commute with Bp, the effect of magnetic term
in this basis is trivial. Therefore, we only rewrite the
Hamiltonian (2) in the dual basis of (6). Next, we should
find the form of different terms in the Hamiltonian (2)
when they are applied in the basis of (6).
Let us start with the operator of Ai. Since A
2
i = 1, it is
concluded that Ai(1+(−1)
riAi) = (−1)
ri(1+(−1)riAi).
Therefore, the effect of Ai in the dual basis is in the form
of Ai|r1, r2, ..., rm〉 = (−1)
ri |r1, r2, ..., rm〉. It means that
the operator Ai in the dual basis is the same as the Pauli
operator σz and we denote it by the logical form of Z¯i.
Next, we consider the effect of magnetic term in the
dual basis where the operator Ze should be applied. As
it is shown in Fig.(7-a), consider an edge qubit e in
the graph belonging to two vertices of the graph de-
noted by A1 and A2. It is clear that the correspond-
ing Ze operator commutes with all Ai’s instead of two
vertex operators A1 and A2 corresponding to two ver-
tices in two endpoints of the e. Consequently, when
we apply the operator Ze to the dual basis, we will
have Ze
∏
i(1 + (−1)
riAi)|0〉
⊗n = (1 + (−1)r1+1A1)(1 +
(−1)r2+1A2)
∏
i6={1,2}(1 + (−1)
riAi)Ze|0〉
⊗n. On the
FIG. 6: (Color online) Initial Hamiltonian is written in the
computational basis corresponding to edge qubits. The dual
basis can be represented by qubits living in the vertices de-
noted by red (light) circles.
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FIG. 7: (Color online) a) An edge qubit of e belongs to two
vertices of 1 and 2. Therefore, a Ze operator does not com-
mute with vertex operators A1 and A2. b) Effect of a Ze
operator on a edge qubit in the computational basis is equal
to effect of an X¯1X¯2 operator on vertex qubits in the dual
basis.
other hand, since Ze|0〉 = |0〉 we will have:
Ze|r1, r2, ..., rm〉 = |r1 + 1, r2 + 1, ..., rm〉 (7)
It means that the operator Ze behaves like the flip oper-
ator on vertex qubits 1, 2 and therefore it is the same as
operator of X¯1X¯2 in the dual basis, see Fig.(7-b). Since
this argument is held for all Ze operators in the Hamil-
tonian (2), it is concluded that the magnetic term in the
original Hamiltonian is mapped to Ising interaction be-
tween neighbor vertex qubits.
In this way, the Hamiltonian (2) in the dual basis will
have the following dual form which is a quantum Ising
model in a transverse field on the graph G:
H¯ = −J
∑
i
Z¯i − h
∑
〈i,j〉
X¯iX¯j − C (8)
where the constant of C refers to trivial effect of oper-
ators of Bp in the dual basis in a sense that the above
dual mapping only holds for the subspace where all Bp
operators are in the ground state and the anyon statistics
plays no role. Interestingly, the above dual Hamiltonian
is a quantum Ising model in a transverse field which has
been defined in the same original graph G with qubits
5living in vertices. Furthermore, coupling constant and
magnetic field in the TC model have been converted to
magnetic field and coupling constant in the Ising model,
respectively. Therefore, it is a kind of the strong-weak
coupling duality [31]. We emphasize again that the above
mapping was independent of the kind of graph and there-
fore, a TC model in uniform field on any arbitrary graph
with qubits living in edges is mapped to a transverse
Ising model on the same graph with qubits living in the
vertices. However, there is a point related to the bound-
ary condition where it might lead to some different terms
in the dual Hamiltonian corresponding to the boundary
condition of the initial Hamiltonian. We will explicitly
explain this point for a specific boundary condition in the
next section.
Finally note that while there is a topological phase
transition in the TC model in uniform field, the trans-
verse Ising model shows a symmetry-breaking phase tran-
sition. It is important because the former have a non-
local nature while the latter is characterized by a local
order parameter. The existence of such a mapping is in
fact a consequence of non-local nature of the dual ba-
sis. In other words, since we have rewritten the initial
Hamiltonian in a non-local (topological) basis, topologi-
cal properties of the model are encoded in the dual basis
and the final Hamiltonian has found a local property.
In spite of such a deep transformation, the final Hamil-
tonian have the same energy spectrum with the initial
Hamiltonian, because our transformation is an unitary
one. Specifically, the quantum phase transition point is
the same for both the above models. However, one can
ask if there is another point beyond the phase transition
point. In particular interesting question is that if such a
mapping can help to characterize the topological phase
transition in TC by using symmetry-breaking mechanism
in Ising model. In the next section, we take a step in this
direction, where we start with Ising order parameter in
Ising model and find a string order parameter for TC
where it characterizes the topological phase transition.
IV. ISING ORDER PARAMETER AND A
STRING ORDER PARAMETER FOR TC
Quantum phase transition in the transverse Ising
model is of the most well-known problems in quantum
many-body systems. Specifically, such a transition can
be characterized by a local order parameter which is in
fact the magnetization and is equal to expectation value
of Pauli operator X on each qubits i. e. 〈Xi〉. It is
well-known that this quantity in terms of ratio of mag-
netic field and Ising coupling shows a continuous (second-
order) phase transition in a critical value which can be
found by numerical calculations for different lattices [45].
Now, we return to the our problem where we have two
dual Hamiltonian models where one is written in a com-
putational basis and is a TC in uniform field and another
A0
eZ
S
Af
FIG. 8: (Color online) For TC with an open boundary, A Ze
operator in the boundary does not commute with the vertex
operator A0. Therefore, it is equal to an X¯0 in the dual
basis. A Z-type string operator corresponding to a green
(dark) string of S with endpoints living in the boundary and
in vertex of f does not commute with a vertex operator of Af .
Therefore, it is equal to an X¯f operator in the dual basis.
one is written in the dual basis and is a transverse Ising
model. Since the magnetization in Ising model is related
to Pauli operator X¯i, one can ask which operator in the
computational basis is mapped to an X¯i operator in the
dual basis. To this end, we consider TC on a 2D square
lattice with an open boundary where plaquette operators
in the boundary are three-local. As we explained in the
previous section each operator Ze in the computational
basis is mapped to an Ising interaction X¯iX¯j in the dual
basis. However, in TC with open boundary the situa-
tion is different for an edge qubit on the boundary. In
other words, as it has been shown in Fig.(8), the operator
Ze which is applied in a qubit in the boundary does not
commute only with one vertex operator of A0. Therefore,
it will be equal to a Pauli operator X¯0 in the dual ba-
sis. Therefore, the dual Hamiltonian is again a transverse
Ising model with a little difference where in the boundary
we have a single terms of X¯0 instead of Ising interactions.
We should emphasize that this change in the boundary
is not important in the phase transition because finally
we will go to the thermodynamic limit.
In order to find dual of Ising order parameter, we con-
sider a string in the lattice denoted by S that one of its
endpoints is in the boundary and another endpoint is in
an arbitrary vertex f as it has been shown in Fig.(8).
Corresponding to such a string, we define a string oper-
ator in the form of Sz =
∏
e∈S Ze where e ∈ S refers
to all edge qubits living in the string of S. Such string
operator commutes with all vertex operators Ai instead
of one of them which is in the endpoint of the string i.
e. Af . Therefore and according to our previous argu-
ments, the effect of this string operator in the dual basis
is equal to a Pauli operator X¯f which is applied to vertex
qubit of f . On the other hand, since Ising order param-
eter is the expectation value of X¯f , it is concluded that
Ising order parameter is equal to expectation value of
6a) b)
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FIG. 9: (Color online) a) A schematic of phase diagram for
the transverse Ising model Eq.(8) where J refers to the mag-
netic term, h refers to the Ising coupling and magnetization
is the order parameter. b) A schematic of phase diagram for
TC in magnetic field Eq.(2) where h refers to the magnetic
term, J refers to TC coupling and the expectation value of the
string operator of SZ plays the role of order parameter. Tran-
sition point is inverse of the transition point of the transverse
Ising model in a sense that ferromagnetic phase is mapped
to magnetized phase and paramagnetic phase is mapped to
topological phase.
string operator of Sz in the TC model. It means that
the expectation value of the string operator of Sz is an
order parameter which reveals topological phase transi-
tion in TC, see Fig.(9). It is in particular interesting,
because the string operator is non-local where if we go to
the thermodynamic limit, it will be necessary to choose
the vertex of f far enough from the boundary where the
length of the string should be scaled by the size of the
lattice. Therefore, the string order parameter has a com-
pletely non-local nature which reveals topological nature
of the quantum phase transition. On the other hand, the
string order parameter has also an explicit topological
nature because our mapping is independent of the geom-
etry of the string where strings with the same endpoints
lead to the same order parameter. Finally note that since
the mapping is a strong-weak coupling duality, ferromag-
netic and paramagnetic phases in the Ising model have
been mapped to magnetized phase and topological phase
in TC, respectively.
Finally, note that our the above argument will be held
for TC on other graphs if we consider a suitable bound-
ary condition. Therefore, since TC in uniform field on
any graph is mapped to the transverse Ising model on
the same graph, Ising order parameter is also mapped to
string order parameter for TC on arbitrary graph. Con-
sequently, the above string order parameter is a universal
order parameter for TC model in uniform field.
V. DISCUSSION
Topological phase transitions are different with ordi-
nary quantum phase transitions because of their non-
local nature. Therefore, it is expected that if there is
an order parameter for a topological phase transition, it
must be a non-local parameter. In this paper, we con-
sidered topological phase transition from TC states to a
magnetized state. We introduced a string order param-
eter which could characterize topological nature of the
above quantum phase transition. Specifically, we used a
dual mapping where the above topological phase transi-
tion was mapped to the quantum phase transition in the
transverse Ising model. Therefore, a symmetry-breaking
phase transition with a local nature was used to char-
acterize a topological phase transition with a non-local
nature.
We would like also to emphasize in a speculative point
as follows. TC model is the simplest model which de-
scribes a string-net condensed phase [12] where there is
in fact a loop condensation in the ground state. On
the other hand, quantum Ising model is also the sim-
plest model which describes a particle condensed phase.
Therefore, our mapping is interesting because it is in
fact a mapping between two different physical mecha-
nisms for symmetry-breaking and topological phase tran-
sition. The symmetry-breaking phase is described by
a local (particle) order parameter and the topological
phase is described by a non-local (string) order param-
eter. Therefore, it will be interesting to look for such
mappings between string-net condensed phases and par-
ticle condensed phases in a more general way. It will be
in fact a mapping between two different mechanisms of
phase transitions.
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